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Abstract
With the commutation relations of the spin operators, we first write out the equations of motion
of the spin susceptibility and related correlation functions that have a hierarchical structure, then
under the ”soft cut-off” approximation, we give a set of equations of motion of spin susceptibilities
for a spin S = 1/2 antiferromagnetic Heisenberg model, that is independent of whether or not the
system has a long range order in the low energy/temperature limit. Applying for a chain, a square
lattice and a honeycomb lattice, respectively, we obtain the upper and the lowest boundaries of
the low-lying excitations by solving this set of equations. For a chain, the upper and the lowest
boundaries of the low-lying excitations are the same as that of the exact ones obtained by the
Bethe ansatz, where the elementary excitations are the spinon pairs. For a square lattice, the
spin wave excitation (magnons) resides in the region close to the lowest boundary of the low-lying
excitations, and the multispinon excitations take place in the high energy region close to the upper
boundary of the low-lying excitations. For a honeycomb lattice, we have one kind of ”mode” of
the low-lying excitation. The present results obey the Lieb-Schultz-Mattis theorem, and they are
also consistent with recent neutron scattering observations and numerical simulations for a square
lattice.
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I. INTRODUCTION
Spins are neither bosons nor fermions, and their commutation relations make spin prob-
lems so difficult. A spin system is a subject in which there are few exactly solvable models
which are nontrivial. Only a few of the models have solutions[1–4] which are well under-
stood, in spite of the fact that many of them have been intensely studied[5–7]. The most
challenge of a spin system is that there is absent of an analytical method directly applied
for it beyond one dimension (1D) without the help of the slave particle representations.
Instead of directly studying a spin system, one usually maps it to a many-body prob-
lem which is a strongly interacting system. For example, a spin S = 1/2 chain may be
mapped exactly into an interacting spinless fermion system, with the help of the Jordan-
Wigner transformation[8, 9] which is believed to be valid only for one dimension. While
for a high-dimensional spin system, the spin operators are usually represented by slave
bosons/fermions with some constraint conditions, then the system is mapped into an inter-
acting boson/fermion system which has still not been very successful because of the strong
interactions among bosons/fermions[10, 11]. In contrast with a bosonic/fermionic system in
which the basic low-lying excitation are quasiparticles obeying Bose-Einstein/Fermi-Dirac
statistics, the low-lying excitations[12] of a spin S = 1/2 antiferromagnetic system are
magnons with spin S = 1, where a magnon may be seen as a bound state (triplet) of
two spinons that each spinon has a spin S = 1/2. However, in the 1D case, the spinons
are nearly deconfined, and they become the elementary low-lying excitations[13, 15] of the
system. The calculations[18–22] based on the exact solution of the Bethe ansatz and the
recent neutron scattering measurements on one-dimensional[16] spin S = 1/2 Heisenberg
antiferromagnets strongly support the picture that the spinons are the elementary low-lying
excitations. Recent neutron scattering experiment[17] shows that for two-dimensional (2D)
spin S = 1/2 Heisenberg antiferromagnets, the spinons may be nearly deconfined in some
short wave-length regions of the Brillouin zone (BZ).
Theoretically, the 2D Heisenberg antiferromagnet has been extensively studied by a vari-
ety of numerical approaches that try to completely understanding of these experimental ob-
servations with nearly deconfined spinons[17, 23] or multi-magnon excitation[24–26], where
there does not have a convincing unambiguous evidence to support which one of them as
the low-lying excitations in short wave length region of the BZ. However, the numerical
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calculations based on the exact solution of the Bethe ansatz and the neutron scattering
experimental observations unambiguously show that the low-lying excitations of the spin
S = 1/2 systems are distributed a broad region in the frequency and momentum plane with
the upper and the lowest boundaries, especially in the 1D case that the lowest boundary
mainly represent the two spinon excitations, that has the same dispersion as that of usual
spin wave, while the upper boundary represents the multispinon (pairs) excitation, that has
a dispersion with a period twice that of the spin wave.
In contrast to usual slave particle methods, the equation of motion of Green’s function
approach can be a good candidate in studying of the low-lying excitations of a spin S = 1/2
antiferromagnetic system, in which one can easily write out the equations of motion of all
high order correlation functions appearing in the equation of motion of Green’s function.
The equations of motion of Green’s function and related high order correlation functions
are tightly coupled with each other, and they have a simply hierarchic structure that is an
unclosed set of equations. In each level of this hierarchic structure there are many correlation
functions where they construct a subset of equations.
In Refs.[17,18], the authors used the equation of motion of Green’s function to have
calculated the low-lying excitation of a 1D spin 1/2 Heisenberg model with usual cut-off
approximations taken for high order correlation functions, and they had obtained the low-
lying excitation spectrum that is consistent with the exact one[12] only for small momentum.
At larger momentum, however, their results heavily deviate from the exact ones. Moreover,
it is hard to have the spin wave (the lowest boundary) of the low-lying excitations as that
ones by the Bethe ansatz and the recent neutron scattering measurements, because in the
previous calculations of Refs.[17,18] they cannot self-consistently calculated equations of
motion of the high order correlation functions appearing in the same level of this hierarchic
structure.
In this paper, we first write out of a complete hierarchic structure of the equations of
motion of multiple-point correlation functions. Instead of taking usual cut-off approxima-
tions for high order correlation functions, we solve self-consistently the equations of motion of
multiple-point correlation functions under ”soft cut-off ” approximations, then we can obtain
the upper and lowest boundaries of the low-lying excitations of the magnons/(pair) spinons
in the whole BZ for a spin S = 1/2 antiferromagnetic Heisenberg model in 1D and 2D. For
1D, the upper and lowest boundaries of the low-lying excitations have the same dispersion
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as that ones of the Bethe ansatz in the whole BZ, and for 2D, they are completely consistent
with the recent neutron scattering experimental observations and numerical simulations.
This paper is organized as follows. In section II, we give a detail explanation of our
present method. Under the ”soft cut-off” approximations[29], we write out the general
expressions of equations of motion of the transverse and longitudinal spin susceptibilities in
the N = 1 and N = 2 levels, respectively, in Section III. Then we apply these equations
of motion of the transverse and longitudinal spin susceptibilities for the 1D and 2D cases,
and calculate the low-lying excitation spectrums of the magnons/(pair) spinons in the whole
BZ in Sections IV-VI. Finally we give our conclusions and discussions in Section VII. More
technical calculations for the high order multiple-point correlation functions are put in the
Appendixes.
II. BASIC IDEA OF THE ALGEBRAIC EQUATION OF MOTION APPROACH
For the spin operators of the spin S = 1/2, they have a SU(2) symmetry. As an unper-
turbable theory, we extend the hierarchical Green’s function approach[29] to spin S = 1/2
magnetic systems, called algebraic equation of motion approach. The basic idea of the al-
gebraic equation of motion approach is that: if we calculate the equation of motion of the
correlation function of an operator Â (t), that is written out in the Heisenberg representa-
tion, we need to calculate the commutation relation of the operator Â with the Hamiltonian
H ,
[
Â, H
]
, that may produce a new operator B̂, then we calculate again the commutation
relation of the operator B̂ with the Hamiltonian,
[
B̂, H
]
, that may produce another new
operator Ĉ, in turn we calculate again the commutation relation of the operator Ĉ with the
Hamiltonian,
[
Ĉ, H
]
, and so on. Finally, we have a finite number of these operators that
are elementary ingredients as in writing out of the EOMs of the correlation function of the
operator Â (t) and related multiple-point correlation functions that are defined by these new
operators.
As applying this approach for the spin S = 1/2 antiferromagnetic Heisenberg model, we
use the algebraic commutation relations of spin operators with the Hamiltonian of the system
to write out the equations of motion (EOMs) of the spin susceptibility and related multiple-
point correlation functions, and these EOMs of the spin susceptibility and the related
multiple-point correlation functions have a hierarchic structure denoted by a level parameter
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N (see appendix A). The EOMs of the multiple-point correlation functions belonging to the
same N level construct a subset of equations, in which there emerge some other multiple-
point correlation functions belonging to the N + 1 level, like that for electronic systems.
For the spin S = 1/2, the spin operators ŝi satisfy the relations, (ŝ
z
i )
2 = 1
4
, and ŝ+i ŝ
−
i =
1
2
+ŝzi . With these relations, the EOMs of the related multiple-point correlation functions can
be significantly simplified. For example, in the EOM of a related multiple-point correlation
function belonging to the N -level, under the above relations of the spin operators there
emerge some multiple-point correlation functions belonging to the N − 1 level, as a simple
approximation (called ”soft cut-off” approximation[29]), we can discard those multiple-point
correlation functions belonging to the N+1 level to make the set of equations of the multiple-
point correlation functions be closed. Based on this prominent character of spin S = 1/2
system, we can effectively calculate the low-lying excitation spectrums of the spins under
the approximation to only keeping the related multiple-point correlation functions belonging
to the N = 2 level and discarding all other high order ones.
In the following sections, we use the bipartite sublattice representation to write out
the EOMs of spin susceptibility and related multiple-point correlation functions, and all
calculations about the EOMs of the multiple-point correlation functions are made on the
lattice sites. The prominent advantage of the bipartite sublattice representation is that it
can greatly simplify our calculating for the high order multiple-point correlation functions
that are in fact the tensors whose indexes denoted by the lattice site coordinates. Finally,
we only retain the results that are independent of the bipartite sublattice representation.
III. BASIC EQUATIONS OF MOTION OF THE SPIN SUSCEPTIBILITY
If we only consider the contributions of the related multiple-point correlation functions
belonging to N = 1 level, under the ”soft cut-off ” approximation[29], we can obtain the
following equations of motion (EOMs) of the transverse and longitudinal spin susceptibilities,[
ω2 −∆zz0
]
χzz0iq(ω) = Aδiq −
1
2
∑
j
(
J⊥ij
)2
χ˜zz0jq(ω) (1)
[
ω2 −∆zz0
]
χ˜zz0iq(ω) = Aiq −
1
2
∑
j
(
J⊥ij
)2
χzz0jq(ω) (2)
[
ω2 −∆+−0
]
χ˜−+0iq (ω) = −Ciq −
1
2
∑
j
J⊥ijJ
z
ijχ
−+
0jq (ω) (3)
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[
ω2 −∆+−0
]
χ−+0iq (ω) = Bδiq −
1
2
∑
j
J⊥ij J
z
ijχ˜
−+
0jq (ω) (4)
where ∆zz0 =
1
2
∑
j
(
J⊥ij
)2
, ∆+−0 =
1
4
∑
j
[(
J⊥ij
)2
+
(
Jzij
)2]
, A = 1
2
∑
j J
⊥
ij < X̂
(+)
ij >, Aiq =
1
2
∑
j J
⊥
ij < X̂
(+)
ji > δjq, B = 2ω < ŝ
z
i > +2
∑
j J
z
ij < ŝ
z
i τ̂
z
j > +
∑
j J
⊥
ij < ŝ
+
i τ̂
−
j >, and
Ciq = 2
∑
j J
⊥
ij < ŝ
z
j τ̂
z
i > δjq +
∑
j J
z
ij < ŝ
+
j τ̂
−
i > δjq, where ŝ
±
i = ŝ
x
i ± iŝyi . These EOMs of
the spin susceptibility are universal for a general spin S = 1/2 antiferromagnetic Heisenberg
model, and they can be used to calculate its low-lying excitation spectrum on a variety
of lattice sites, where the static constants can be self-consistently determined by a set of
equations of equal-time spin susceptibility derived from the relation, ŝ+i ŝ
−
i =
1
2
+ ŝzi , and sum
rules. However, under this simple approximation, the above EOMs of the spin susceptibility
can only give the reliable upper boundary of the low-lying excitation and they cannot give
usual spin wave excitation that survive in the large momentum and low energy limit region.
In order to studying the lowest low-lying excitations residing in the large momentum region,
we have to consider the contributions of the high order related multiple-point correlation
functions belonging to N = 2 level.
Under the ”soft cut-off” approximation, as including the contributions of the related
multiple-point correlation functions belonging to the N = 2 level (see Appendix C), for ex-
ample, we can obtain the following EOMs of the transverse spin susceptibility (for simplicity,
taking J⊥ = Jz = J),[
ω2 −∆(ω)]χ−+iq (ω) = Bδiq −∑
j
JUij χ˜
−+
jq (ω)
−
∑
jl
JijΓlij (ω)
[
χ−+iq (ω)− χ−+lq (ω)
]
(5)
[
ω2 −∆(ω)] χ˜−+iq (ω) = −Ciq −∑
j
JUijχ
−+
jq (ω)
−
∑
jl
JijΓlij (ω)
[
χ˜−+iq (ω)− χ˜−+lq (ω)
]
(6)
where B = 2ω < ŝzi > +
∑
j Jij
[
2 < ŝzi τ̂
z
j > + < ŝ
+
i τ̂
−
j >
]
, Ciq =∑
j Jij
[
2 < ŝzi τ̂
z
j > + < ŝ
+
i τ̂
−
j >
]
δjq, ∆ (ω) =
∑
j J
U
ij (ω), and J
U
ij (ω) =
1
2
(Jij)
2 +
Jij
∑
l [Πlij (ω) + Πlji (ω)]. The coefficients Γlij (ω) and Πlij (ω) can be approximately
written as that,
Γlij (ω) =
Jij (Jjl)
2 (1− δil)
16Dzz (ω)
(
1− 3J
2
4
Dτz (ω)
DX (ω)
+
J2
2Dτz (ω)
)
(7)
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Πlij (ω) = 2Γlij (ω) +
Jij (Jjl)
2 (1− δil)
16Dτz (ω)
(
1 +
J2
2Dzz (ω)
)
+
Dτz (ω)
2DX (ω)
3Jij (Jil)
2 (1− δjl)
8
(8)
where Dτz (ω) = ω
2 − J2
2
, Dzz (ω) = ω
2 − J2, DX (ω) = (ω2 − J2)2 − J44 . Obviously, as
ω > J , the coefficients Γlij (ω) and Πlij (ω) are positive, and in the limit, ω/J → ∞, they
go to zero, then the Eqs.(5,6) are reduced to the Eqs.(3,4), which means that the latter is
the high energy limit of the former. To the contrary, in the limit, ω/J → 0, the coefficient
JUij (ω) goes to zero, and the coefficient Γlij (ω) becomes a constant, −JijJjl (1− δil) /32J .
In this case, we can obtain the lowest boundary of the low-lying excitations of the spins.
The poles appearing in the coefficients Γlij (ω) and Πlij (ω) are artificial, that originate from
the approximations taken for the high order related multiple-point correlation functions
belonging to the N = 2 level. The summation over the site variables of Γlij (ω) and Πlij (ω)
is very clear for a chain, while for the high dimensional lattice case, such as for a square
lattice and a honeycomb lattice, this summation must be careful, due to the number of the
next nearest neighbor sites becomes large. For a square lattice, the summation over the
next nearest neighbor sites of the site xi is restricted as the sites xi±2ex and xi±2ey , where ex
and ey are the x-axis and y-axis unit vectors, respectively, and we discard other sites, such
as, xi±ex±ey and xi±ex∓ey , due to these sites can be reached from the site xi by two different
ways.
In comparison with the EOMs of the transverse spin susceptibility in Eqs.(3,4), the ones
in Eqs.(5,6) have a prominent character that there emerges the Γlij (ω) term on the right
hand side, which is contributed by the high order multiple-point correlation functions. In
the bipartite sublattice representation, the Γlij (ω) term represents the relation between the
spin susceptibility on different sites of the same spin ingredient, which is survived in the low
energy limit. While, the JUij (ω) term describes the relation between the spin susceptibility on
the nearest neighbor sites of the different spin ingredients, which is going to zero in the low
energy limit. Under the condition of the locally short range antiferromagnetic correlation,
the former one corresponds to the effect of twice spin-flipping process on different sites, which
is a pair of kink and anti-kink in 1D, and the latter one is the effect of one spin-flipping
process on the nearest neighbor sites, which is a kink in 1D. Based on these considerations,
it is convincible to assume that the Γlij (ω) term represents the low-lying excitations of
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magnons (pairs of spinons), and the JUij (ω) term describes the low-lying excitations of nearly
deconfined spinons. While, the magnons and nearly deconfined spinons are coexisting in the
mid energy range where Γlij (ω) and J
U
ij (ω) are finite. This picture is completely consistent
with the exact one by the Bethe ansatz[13] in 1D.
IV. A SPIN CHAIN
For simplicity, we first consider a spin chain without the longitudinal coupling Jzij = 0,
(XY model) to calculate the low-lying excitations of spins. According to the Eqs.(1,2), we
have the low-lying excitation spectrum of the XY model,
εXY0k =
√
2J⊥| sin
(
k
2
)
| (9)
where choosing the lattice constant one. Based on the exact solution of the Bethe ansatz
of the spin S = 1/2 chain XY model[14], the authors[15] had calculated the low-lying
spectrum which is that, εBethek = 2J
⊥| sin (k
2
) |. The spectrums εXY0k and εBethek both have
the same dispersion in the range of momentum, −π ≤ k ≤ π, and the difference between
them is only their coefficients. The εXY0k is the upper boundary of spectrum of the XY
model[12], and it represents the low-lying excitations of nearly deconfined spinons[13]. In
order to have the lowest boundary of spectrum, like that in Eqs.(5,6), it needs to calculate
the contributions coming from the high order multiple-point correlation functions to the
spin susceptibility χzziq (ω) and χ˜
zz
iq (ω). After including the contributions of the multiple-
point correlation functions belonging to N = 2 level (see Appendix B), we obtain the lowest
boundary of spectrum of the XY model,
εXYk = J
⊥| sin (k) | (10)
which is the low-lying excitations (spin wave) of magnons, and it possesses double periodicity
of | sin (k) |, like the exact one[12, 13, 15].
In the case of the isotropic couplings J⊥ = Jz = J , with the Eqs.(1-4), we can obtain the
following low-lying excitation spectrums,
εL0k =
√
2J | cos
(
k
2
)
|
εU0k =
√
2J | sin
(
k
2
)
| (11)
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Here ε
L/U
0k represent the lowest- and upper-boundary of the low-lying excitations only consid-
ering the contributions of the high order related multiple-point correlation functions belong-
ing to N = 1 level. Notice that the low-lying excitation spectrum εL0k will disappear without
using the bipartite sublattice representation, thus it may be an artificial result produced by
the bipartite sublattice representation.
The spectrum εU0k has the same dispersion on the whole range of k as that of the S = 1
low-lying excitation of the Bethe ansatz, εBetheUk = πJ | sin
(
k
2
) |, while the spectrum εL0k is
different from another one of the S = 1 low-lying excitation spectrum of the Bethe ansatz,
εBetheLk =
pi
2
J | sin (k) |. After including the contributions of the multiple-point correlation
functions belonging to N = 2 level, the momentum dependence in 0 ≤ k ≤ π of the upper
boundary of the low-lying excitation spectrum is the same as that of εU0k, only their coeffi-
cients are modified, which describes the low-lying excitations of nearly deconfined spinons;
However, the lowest boundary of the low-lying excitations is heavily modified, and it pos-
sesses double periodicity of | sin (k) |, like that for the XY model, and it has the same
momentum dependence in 0 ≤ k ≤ π as the exact one εBetheLk (see below).
With the help of the Eqs.(5,6) that included the contribution of the high order related
multiple-point correlation functions belonging to N = 2 level, we obtain the following equa-
tions that can be used to determine the low-lying excitation spectrums of the system,
ω2 = ∆(ω) [1− cos (k)]− Γ (ω) [1− cos (2k)] (12)
ω2 = ∆(ω) [1 + cos (k)]− Γ (ω) [1− cos (2k)] (13)
where ∆ (ω) = J2 + 4Γ (ω) + J
4
4Dτz(ω)
(
1 + J
2
2Dzz(ω)
)
+ 3J
4Dτz(ω)
4DX(ω)
and Γ (ω) =
J4
8Dzz(ω)
(
1− 3J2
4
Dτz(ω)
DX(ω)
+ J
2
2Dτz(ω)
)
. Here the Eq.(13) will disappear without using the bi-
partite sublattice representation. Thus, the physical low-lying excitations of the system
is determined by the Eq.(12) which is independent of the bipartite sublattice representa-
tion. The momentum dependence of the low-lying excitations is controlled by the factors,
1 − cos (k) and 1 − cos (2k), that show different behavior around k ∼ 0 and k ∼ π. In the
regime around k ∼ 0, the factors 1− cos (k) and 1− cos (2k) both go zero, and the possible
excitation region of the spins is narrow. However, in the momentum regime around k ∼ π,
there emerges a broad region of the low-lying excitation in the frequency and momentum
plane, where its upper and lowest boundaries can be determined by the Eq.(12), since the
factor 1− cos (k) goes to 2, while the factors 1− cos (2k) goes to zero.
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In the high energy limit, ω/J → ∞, the coefficient ∆ (ω) takes the value, ∆ (ω) = J2,
and the coefficient Γ (ω) goes to zero, Γ (ω) = 0, in which we can have the upper boundary
of the low-lying excitation. In the low energy limit, ω/J → 0, the coefficient ∆ (ω) goes to
zero, ∆ (0) = 0, and the coefficient Γ (ω) becomes a constant, Γ (0) = −J2/16, where the
lowest boundary of the low-lying excitations can be determined. Under these two limits, we
have the lowest and the upper boundaries of the low-lying excitations,
εLk =
√
2
4
J | sin (k) |
εUk =
√
2J | sin
(
k
2
)
| (14)
Comparing with the Eq.(11), we find that the high order multiple-point correlation functions
belonging to N = 2 level determines the lowest boundary εLk of the low-lying excitation (spin
wave) of the magnons, and they have little influence on the upper boundary εUk of the low-
lying excitations of the nearly deconfined spinons. In the whole region of the momentum, 0 <
k < π, the lowest boundary εLk and the upper boundary ε
U
k of the low-lying excitations both
have the same dispersion as the exact ones εBetheLk and ε
Bethe
Uk of the Bethe ansatz. Moreover,
there emerges a broad mixed region in the frequency ω and momentum k between εLk and
εUk of the low-lying excitations of the magnons and nearly deconfined spinons determined by
the Eq.(12).
V. THE SQUARE LATTICE
For the square lattice, according to the Eqs.(5,6), the low-lying excitation spectrums of
the spins are determined by the following equations,
ω2 = ∆(ω) [2− ζk]− Γ (ω) [2− ηk] (15)
ω2 = ∆(ω) [2 + ζk]− Γ (ω) [2− ηk] (16)
where ζk = cos kx+cos ky, and ηk = cos 2kx+cos 2ky. These equations are similar to that ones
for a chain, and the last equation (16) will disappear without using the bipartite sublattice
representation. Thus the physical low-lying excitations of the system are determined by the
Eq.(15) which is independent of the bipartite sublattice representation.
Like that for a chain, the low-lying excitation spectrums is determined by the Eq.(15), in
which there are two kinds of the low-lying excitations represented by the factors 2− ηk, and
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2− ζk, respectively. Around the momentum, k = (0, 0), the possible region of the low-lying
excitations in the frequency ω axis is narrow, since both the factors 2− ζk and 2− ηk go to
zero.
In the region around the momentum, k = (π, π), the low-lying excitations have a broad
distribution in the frequency ω axis, and their upper and the lowest boundaries are de-
termined by the Eq.(15). In the high energy limit, ω/J → ∞, the coefficient ∆ (ω) is a
constant, ∆ (ω) = J2, while the coefficient Γ (ω) goes to zero, Γ (ω) = 0, thus we obtain the
upper boundary of the low-lying excitations,
εU(k) = J [2− ζk]1/2 (17)
which takes the maximum value at k = (π, π), and it describes the low-lying excitations of
nearly deconfined spinons, like that for 1D. In the low energy limit, ω/J → 0, the coefficient
∆ (ω) goes to zero, ∆ (0) = 0, and the coefficient Γ (ω) becomes a constant, Γ (0) = −J2/16.
Thus we obtain the lowest boundary of the low-lying excitations,
εL(k) =
J
4
[2− ηk]1/2 (18)
that represents the spin wave excitation of magnons (paired spinons). In the broad mixed
region between εL(k) and εU(k), there are two kinds of modes of the low-lying excitations,
that are represented by the factors, 2−ζk and 2−ηk, respectively. In practice, the coefficients
εL(k) and εU(k) are modified due to both the coefficients ∆ (ω) and Γ (ω) are the function
of the frequency ω.
According to the Eq.(15), the lowest boundary of the low-lying excitations around k =
(π, 0) or k = (0, π) is generally different from that ones around k =
(
pi
2
, pi
2
)
, even though
they have the same upper boundary of the low-lying excitations represented by εU(k). In
the region around k = (π, 0) or k = (0, π), these two modes of the low-lying excitations
have slowly varying momentum dependence of the forms cos∆kx ± cos∆ky and cos 2∆kx ±
cos 2∆ky, where ∆kx and ∆ky are small quantities away from the point k = (π, 0) or
k = (0, π). While in the region around k =
(
pi
2
, pi
2
)
, these low-lying excitations have the
momentum dependence of the forms sin∆kx + sin∆ky and cos 2∆kx + cos 2∆ky. The low-
lying excitations in these two different regions have a distinct symmetry about ∆kx and
∆ky. On the other hand, in these two different regions, the difference between the upper
and the lowest boundaries of the low-lying excitation is much less than that in the region
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around k = (π, π). These prominent characters of the low-lying excitations in the short
wave-length regions of the Brillouin zone have been observed in recent neutron scattering
observations[17] and numerical calculations[23] where this phenomenon is explained as nearly
deconfined multispinon excitations.
The EOMs of spin susceptibility in the Eqs.(5,6) for a spin 1/2 Heisenberg model are
independent of the dimensions of the system, and they valid for a chain and a square lattice.
According to the explanation of the elementary excitations for a 1D spin 1/2 Heisenberg
model[13], it is convincible to believe that the lowest boundary of the low-lying excitations
corresponds to the spin wave excitation of magnons (paired spinons), and the upper bound-
ary of the low-lying excitations describes the excitations of nearly deconfied spinons, while
in the broad mixed region between the lowest and upper boundaries the low-lying excita-
tions there exists a cross-over from magnons (paired spinons) close to the lowest boundary
to nearly deconfined spinons near the upper boundary. It is reasonable to conjecture that
the coupling strength between two spinons is decreased as the frequency ω increasing from
the lowest boundary to upper boundary of the low-lying excitations. This explanation of
the low-lying excitations of the system is consistent with the experimental observations[17]
and numerical calculations[23].
VI. THE HONEYCOMB LATTICE
For the honeycomb lattice, there naturally exists the bipartite sublattice structure, in the
high energy limit, ω/J →∞, the coefficients in Eqs.(5,6) take the values, ∆ (ω) = J2, and
Γlij (ω) = 0, respectively, thus we obtain the upper boundary of the low-lying excitation,
EU(k) =
√
2J
2
{
3 +
√
3 + ξk
}1/2
(19)
where ξk = 2 cos
√
3ky + 4 cos
3kx
2
cos
√
3ky
2
. The low-lying excitation spectrum EU(k) takes
the maximum values at the points k = (0, 0) and k = 2pi
3
(±1,±√3), respectively.
In the low energy limit, ω/J → 0, according to the Eqs.(5,6), we obtain the following
equation that can be used to determine the lowest boundary of the low-lying excitations,
ω2 = −J
2
4
[
3−
√
3 + ξk
]
+
J2
16
[6− ξk] (20)
Obviously, this equation has real solutions only in the very small regions around the high
symmetry points of the honeycomb lattice, such as, k = (0, 0), k = 2pi
3
(±1,±√3), because
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the coefficient of the first term in the right hand side is negative. On the other hand, it
has not real solutions in the regions around the Dirac points k = 2pi
3
(
±1,±
√
3
3
)
, thus the
low-lying excitations are gapful these Dirac points. However, in the mixed region between
the upper and the lowest boundaries of the low-lying excitations, there is only one mode of
the low-lying excitations represented by the factor ξk, which is different from that ones for
a chain and a square lattice. These prominent characters for the honeycomb lattice can be
tested in the future neutron scattering observations and numerical calculations.
VII. CONCLUSION AND DISCUSSION
For a spin chain, we have shown that the upper and the lowest boundaries of the low-lying
excitations have the same dispersion in the whole range of momentum as that exact ones
obtained by the Bethe ansatz for the S = 1 excitation of the spinon pairs. For a square
lattice, there are two modes of the low-lying excitations, and they coexist in a broad region
between the upper and the lowest boundaries of the low-lying excitation of spins in the BZ.
The lowest boundary of excitations corresponds the usual spin wave which mainly takes
place in the region around k = (π, π), while in other regions, such as around k = (π, 0) and
k =
(
pi
2
, pi
2
)
, it is very weak. Usually it is seen as the low-lying excitations of magnons (paired
spinons). Another one mode resides mainly in the higher energy and/or short wave-length
regions, such as around k = (π, 0) and k =
(
pi
2
, pi
2
)
. It is called the low-lying excitations of
nearly deconfined spinons. In the mixed region between the lowest and upper boundaries of
the low-lying excitations there is a cross-over of the elementary excitations from magnons
close to the lowest boundary to nearly deconfined spinons near the upper boundary. For
a honeycomb lattice, the upper and the lowest boundaries of the low lying excitations can
be described by one mode of the low-lying excitation which is represented by the factor ξk,
where the upper boundary of spectrum is gapful in whole BZ, and the lowest boundary of
spectrum has the zero points at the high symmetry points k = (0, 0) and k = 2pi
3
(±1,±√3)
of the honeycomb lattice.
All of these prominent characters of the low-lying excitation are independent of whether
the system has a long range order that may modify the spectral weight of the low-lying ex-
citations of the system, and they are completely determined by the local SU(2) symmetry of
the spin 1/2 antiferromagnetic Heisenberg model and the structure of the lattice of the spins
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residing in, such as, a square lattice, a honeycomb lattice, or others. However, the parameter
< ŝzi > appearing in the equation of motion of the spin susceptibility can be used to judge
whether the system has a long range order. The recent neutron scattering observations[17]
have clearly shown that in the regime around k = (π, π) the spectral function of the low-
lying excitations has anomalously broad peaks, and this exotic behaviour of the low-lying
excitations can be reasonably explained by the present calculations. Moreover, the present
results obey the Lieb-Schultz-Mattis theorem and its generalizations, and for a chain, the
upper and the lowest boundaries of the low-lying excitation have the same dispersion as
that ones of the Bethe ansatz, only their coefficients are different, which can be modified by
including the contributions of the high order multiple-point correlation functions.
Just as shown[13] for a chain, the elementary low-lying excitations are spinons, and they
carry fractional spin (S = 1/2) which restricts them to being created in (multiple) pairs. The
lowest boundary of the low-lying excitations is the spectrum of the two spinon excitation with
the spin S = 1 (magnon). However, the upper boundary of the low-lying excitation has a
different dispersion from that of this excitation spectrum of the two spinon excitation, where
its period is twice that of the latter one. It is well known that the upper boundary of the
low-lying excitations is the spectrum of nearly deconfined multispinon (pairs) excitations[18–
22]. For a square lattice, it has the similar excitation spectrums like that for a chain, where
the lowest boundary of the low-lying excitation around k = (π, π) represents the spin wave
excitation represented by the factor 2 − ηk, while as away from this region, the spin wave
excitation is strongly suppressed, and it becomes very weak, since the coefficient of the factor
2 − ηk rapidly decreasing as the frequency ω increasing. In a broad higher energy region
between the upper and the lowest boundaries around the momentum k = (π, π) and other
short wave-length regions, where the spin wave excitation nearly disappears, there emerges
another low-lying excitation represented by the factor 2 − ζk, where its coefficient rapidly
increasing as the frequency ω increasing. that mainly contributes to the spectral weight of
the low-lying excitations in these regions. These our results are completely consistent with
the neutron scattering observations and numerical calculations for the square lattice. For
the honeycomb lattice, the upper and the lowest boundaries of the low lying excitations of
the spins can be described by one mode represented by the factor ξk, that can be tested in
the future neutron scattering experiments.
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A. Appendix A: Equations of motion of the spin susceptibility and related
multiple-point correlation functions
The spin S = 1/2 antiferromagnetic Heisenberg model is defined by the Hamiltonian on
the bipartite sublattice,
H =
∑
<i,j>
[
J⊥ij
(
ŝxi τ̂
x
j + ŝ
y
i τ̂
y
j
)
+ Jzij ŝ
z
i τ̂
z
j
]
(21)
where the antiferromagnetic exchanges J⊥ij (here we take J
x
ij = J
y
ij = J
⊥
ij ) and J
z
ij are
restricted to nearest neighbor spins < i, j >, J⊥ij = J
⊥, Jzij = J
z, other cases, they are
zero, and for the isotropic case, J⊥ = Jz = J . The spin operators ŝi and τ̂ i satisfy the
commutation relations (~ = 1), [
ôµi , ô
ν
j
]
= iδijǫµνλô
λ
i (22)
where δij is the Kronecker delta function, and ǫµνλ is an antisymmetry tensor, ǫxyz = 1.
With the Heisenberg representation, the time dependence of the spin operators is that,
ôµi (t) = e
iHtôµi e
−iHt (23)
where the operator ôi = ŝi, τ̂ i.
According to the algebraic equation of motion approach, we need the following commu-
tation relations,
[ŝzi , H ] =
1
2
J⊥imX̂
(−)
im
[τ̂ zi , H ] = −
1
2
J⊥imX̂
(−)
mi (24)
[
ŝ−i , H
]
= −J⊥imτ̂−mŝzi + Jzimτ̂ zmŝ−i[
τ̂−i , H
]
= −J⊥imŝ−mτ̂ zi + Jzimŝzmτ̂−i (25)
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[
X̂
(∓)
ij , H
]
= J⊥imΛ̂
(±)
mj ŝ
z
i − J⊥jmΓ̂(±)im τ̂ zj
−JzimX̂(±)ij τ̂ zm + JzjmX̂(±)ij ŝzm + JzijX̂(∓)ij (26)[
Γ̂
(±)
ij , H
]
= ∓J⊥imX̂(∓)jm ŝzi − J⊥jmX̂(∓)im ŝzj −
(
Jzim − Jzjm
)
Γ̂
(∓)
ij τ̂
z
m (27)[
Λ̂
(±)
ij , H
]
= J⊥imX̂
(∓)
mj τ̂
z
i ± J⊥jmX̂(∓)mi τ̂ zj −
(
Jzim − Jzjm
)
Λ̂
(∓)
ij ŝ
z
m (28)
where X̂
(±)
ij = ŝ
+
i τ̂
−
j ± τ̂+j ŝ−i , Γ̂(±)ij = ŝ+i ŝ−j ± ŝ+j ŝ−i , and Λ̂(±)ij = τ̂+i τ̂−j ± τ̂+j τ̂−i . These
commutation relations are the basic ingredients to writing equations of motion of high order
correlation functions.
The transverse and longitudinal spin susceptibilities are defined as that,
χµνij (t) = iθ(t) <
[
ŝµi (t), ŝ
ν
j (0)
]
> (29)
χ˜µνij (t) = iθ(t) <
[
τ̂µi (t), ŝ
ν
j (0)
]
> (30)
where µ, ν = ±, z. In order to tersely represent the equation of motion of the spin suscep-
tibility, we define the following correlation functions that some of them appearing in the
hierarchic series of EOM of the spin susceptibility, called related multiple-point correlation
functions,
F˜
({A})
{α}jq (t) = iθ(t) <
[
ΠNk=1
[
Âα(t)
]k
τ̂−j (t), ŝ
+
q (0)
]
>
F
({A})
{α}jq (t) = iθ(t) <
[
ΠNk=1
[
Âα(t)
]k
ŝ−j (t), ŝ
+
q (0)
]
> (31)
L˜
({A})
{α}jq(t) = iθ(t) <
[
ΠNk=1
[
Âα(t)
]k
τ̂ zj(t), ŝ
z
q(0)
]
>
L
({A})
{α}jq(t) = iθ(t) <
[
ΠNk=1
[
Âα(t)
]k
ŝzj (t), ŝ
z
q(0)
]
> (32)
where Âα = ŝ
z
i , τ̂
z
i , X̂
(±)
ij , Γ̂
(±)
ij , Λ̂
(±)
ij , and the parameter N represents the level of the corre-
sponding correlation function in the hierarchic structure of the EOM of the spin suscepti-
bility. For the longitudinal spin susceptibility χzzij (t) and χ˜
zz
ij (t), we need to define another
special related multiple-point correlation function, Kijq(t) = iθ(t) <
[
X̂
(−)
ij (t), ŝ
z
q(0)
]
>, that
belonging to the N = 1 level.
With the commutation relations in Eqs(24,25), we can write out the following the EOMs
of the spin susceptibility after taking the Fourier transformation of time,
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ωχ−+iq (ω) = 2s
zδiq −
∑
m
J⊥imF˜
(s)
imq(ω) +
∑
m
JzimF
(τ)
miq(ω)
ωχ˜−+iq (ω) = −
∑
m
J⊥imF
(τ)
imq(ω) +
∑
m
JzimF˜
(s)
miq(ω) (33)
ωχzziq (ω) =
1
2
∑
m
J⊥imKimq(ω)
ωχ˜zziq (ω) = −
1
2
∑
m
J⊥imKmiq(ω) (34)
where sz =< ŝzi >. The related multiple-point correlation functions F˜
(s)
ijq (ω), F
(τ)
ijq (ω) and
Kijq(ω) belong to the N = 1 level, and with the help of the relations of the spin operators,
(ŝzi )
2 = (τ̂ zi )
2 = 1
4
, ŝ+i ŝ
−
i =
1
2
+ ŝzi and τ̂
+
i τ̂
−
i =
1
2
+ τ̂ zi , their EOMs can be significantly
simplified as that,
ωF˜
(s)
ijq (ω) = − < τ̂−j ŝ+i > δiq −
1
4
J⊥ijχ
−+
iq (ω) +
1
4
Jzijχ˜
−+
jq (ω)
−
∑
m
J⊥jm (1− δmi)F (sτ)ijmq(ω) +
∑
m
Jzjm (1− δmi) F˜ (ss)imjq(ω) (35)
+
1
2
∑
m
J⊥im (1− δmj) F˜ (X
(−))
imjq (ω)
ωF
(τ)
ijq (ω) = 2 < τ̂
z
i ŝ
z
j > δjq −
1
4
J⊥ij χ˜
−+
iq (ω) +
1
4
Jzijχ
−+
jq (ω)
−
∑
m
J⊥jm (1− δmi) F˜ (τs)ijmq(ω) +
∑
m
Jzjm (1− δmi)F (ττ)imjq(ω) (36)
−1
2
∑
m
J⊥im (1− δmj)F (X
(−))
mijq (ω)
ωKijq(ω) = < X̂
(+)
ij > δiq + J
⊥
ijχ
zz
iq (ω)− J⊥ij χ˜zzjq(ω)
+
∑
m
J⊥im (1− δmj)L(
Λ+)
mjiq (ω)−
∑
m
J⊥jm (1− δmi) L˜(
Γ+)
imjq (ω) (37)
−
∑
m
Jzim (1− δmj) L˜(
X+)
ijmq (ω) +
∑
m
Jzjm (1− δmi)L(
X+)
ijmq (ω)
Notice that the spin susceptibilities χ−+iq (ω) and χ˜
−+
jq (ω) appear in the above equations with-
out taking any approximation, which is a key character of the algebraic equation of motion
approach to the spin S = 1/2 magnetic systems. The related multiple-point correlation
functions, such as F˜
(X(−))
imjq (ω), F˜
(τs)
ijmq(ω), F
(ττ)
imjq(ω), and L
(Λ+)
mjiq (ω), et al., belong to the N = 2
level in the hierarchic series of the EOMs of the spin susceptibility.
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B. Appendix B: The XY model
For the XY model, to studying its low-lying excitations, we need to solve the EOMs
of the longitudinal spin susceptibilities χzzij (t) and χ˜
zz
ij (t), in which there only appears the
multiple-point correlation function Kijq(ω) that is determined by the Eq.(37) with J
z
ij = 0.
Using the expression of the Kijq(ω), we can rewrite out the EOMs of the longitudinal spin
susceptibilities χzzij (t) and χ˜
zz
ij (t) as that,[
ω2 − η]χzziq (ω) = ∑
m
J⊥im < X̂
(+)
im > δiq −
1
2
∑
m
(
J⊥im
)2
χ˜zzmq(ω)
−1
2
∑
mn
J⊥imJ
⊥
mn (1− δni) L˜(
Γ+)
inmq (ω) +
1
2
∑
mn
J⊥imJ
⊥
in (1− δnm)L(
Λ+)
nmiq (ω)(38)
[
ω2 − η] χ˜zziq (ω) = −∑
m
J⊥im < X̂
(+)
mi > δmq −
1
2
∑
m
(
J⊥im
)2
χzzmq(ω)
−1
2
∑
mn
J⊥imJ
⊥
mn (1− δni)L(
Λ+)
nimq (ω) +
1
2
∑
mn
J⊥imJ
⊥
in (1− δnm) L˜(
Γ+)
mniq (ω)(39)
where η = 1
2
∑
m
(
J⊥im
)2
. As a simple approximation, we discard the L
(Λ+)
nmiq (ω) term in
the Eq.(38), and the L˜
(Γ+)
mniq (ω) term in the Eq.(39), respectively. The reason is that, for
example, according to the definition of the correlation function L
(Λ+)
nmiq (ω), it represents a
time evolution of a spin operator ŝzi (t) with its neighbor Λ̂
(+)
nm(t) from an initial state at time
t to a final state at time t′ = 0. Since the L
(Λ+)
nmiq (ω) has the same label i as that of the spin
susceptibility χzziq (ω), the L
(Λ+)
nmiq (ω) term only describes the influence of other spins around
the spin operator ŝzi (t) on the spin susceptibility χ
zz
iq (ω), and it does not directly represent
a spin flipping process of the spin operator ŝi(t). As compared with the L˜
(Γ+)
inmq (ω) term, its
contribution to the spin susceptibility χzziq (ω) can be neglected. Under these approximations,
the above equations are rewritten as that,[
ω2 − η]χzziq (ω) = ∑
m
J⊥im < X̂
(+)
im > δiq −
1
2
∑
m
(
J⊥im
)2
χ˜zzmq(ω)
−1
2
∑
mn
J⊥imJ
⊥
mn (1− δni) L˜(
Γ+)
inmq (ω) (40)
[
ω2 − η] χ˜zziq (ω) = −∑
m
J⊥im < X̂
(+)
mi > δmq −
1
2
∑
m
(
J⊥im
)2
χzzmq(ω)
−1
2
∑
mn
J⊥imJ
⊥
mn (1− δni)L(
Λ+)
nimq (ω) (41)
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that are used to calculated the spin susceptibility of the spin 1/2 XY model.
With the help of the Eqs.(27,28), we can write out the EOMs of the multiple-point
correlation functions L
(Λ+)
ijlq (ω) and L˜
(Γ+)
ijlq (ω) (J
z
ij = 0),
ωL
(Λ+)
mjiq (ω) =
∑
n
[
1
2
J⊥inK
(Λ+X−)
mjinq (ω) + J
⊥
mnL
(X−τ)
njmiq (ω) + J
⊥
jnL
(X−τ)
nmjiq (ω)
]
(42)
ωL˜
(Γ+)
imjq (ω) = −
∑
n
[
1
2
J⊥jnK
(Γ+X−)
imnjq (ω) + J
⊥
inL˜
(X−Z)
mnijq (ω) + J
⊥
mnL˜
(X−Z)
inmjq (ω)
]
(43)
where we have neglected the static quantities appearing in these EOMs.
As writing out the summation over the lattice sites in the right side of the above EOMs,
there may appear some multiple-point correlation functions belonging to the N = 3 level
that have two same labels, such as, K
(Λ+X−)
mjimq (ω), K
(Γ+X−)
imijq (ω), L
(X−τ)
ijmiq (ω), et al.. Using the
relations (ŝzi )
2 = (τ̂ zi )
2 = 1
4
, ŝ+i ŝ
−
i =
1
2
+ ŝzi and τ̂
+
i τ̂
−
i =
1
2
+ τ̂ zi , to simplify these multiple-
point correlation functions where there emerge some ones belonging to the N = 1 level,
and finally discarding multiple-point correlation functions belonging to the N = 3 level[29]
(called a ”soft cut-off” approximation), we can rewrite out the Eqs.(42,43) as that,
ωL˜
(Γ+)
imjq (ω) = −
1
4
J⊥jmKijq(ω)−
1
4
J⊥jiKmjq(ω) (44)
ωL
(Λ+)
mjiq (ω) =
1
4
J⊥imKijq(ω) +
1
4
J⊥ijKimq(ω) (45)
Now the set of equations composed of the Eqs.(44,45) and Eq.(37) are closed, while they are
still difficult to be solved, since it is in fact a set of tensor equations.
Here we approximately solve these equations: (a) Substituting the Eq.(37) into the
Eq.(44), we discard the L
(Λ+)
mjiq (ω) term or substituting the Eq.(37) into the Eq.(45), we
discard the L˜
(Γ+)
imjq (ω) term; Consequently, we in fact discard the coupling between the
multiple-point correlation functions L˜
(Γ+)
imjq (ω) and L
(Λ+)
mjiq (ω), and we bring the set of equa-
tions composed of the Eqs.(44,45) and Eq.(37) into two subset of equations. (b) In each
subset of equations, we discard the multiple-point correlation functions that have the dif-
ferent labels with L˜
(Γ+)
imjq (ω) and L
(Λ+)
mjiq (ω), respectively, then we can obtain the following
solutions of L˜
(Γ+)
imjq (ω) and L
(Λ+)
mjiq (ω),
L˜
(Γ+)
imjq (ω) =
J⊥ij J
⊥
jm (1− δmi)
2
(
ω2 − (J⊥)
2
2
) {χ˜zzjq (ω)− 12 [χzziq (ω) + χzzmq(ω)]
}
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L
(Λ+)
mjiq (ω) =
J⊥ijJ
⊥
im (1− δmj)
2
(
ω2 − (J⊥)
2
2
) {χzziq (ω)− 12 [χ˜zzjq (ω) + χ˜zzmq(ω)]
}
(46)
where there appear three spin susceptibilities in the above solutions defined on three neighbor
sites.
Substituting the solutions of the multiple-point correlation functions L˜
(Γ+)
imjq (ω) and
L
(Λ+)
mjiq (ω) in the Eq.(46) to the Eqs.(40,41), we obtain a set of equations of the spin suscep-
tibilities χzziq (ω) and χ˜
zz
iq (ω). In the low energy limit ω/J
⊥ → 0, we can obtain the lowest
boundary of the low-lying excitations εXYk in the Eq.(10) for the spin 1/2 XY model as
solving the Eqs.(40,41).
C. Appendix C: The contribution of the high order related multiple-point corre-
lation functions
With the Eqs.(24-26), we can write out the EOMs of the high order multiple-point cor-
relation functions appearing in the Eqs.(35,36) (taking isotropic coupling, J⊥ij = J
z
ij = Jij),
ωF
(X(−))
iljq (ω) =
∑
m
[
JjmF
(X(−)τ)
ilmjq (ω)− JjmF˜ (X
(−)s)
iljmq (ω)
]
+
∑
m
[
JlmF
(X(+)s)
ilmjq (ω)− JimF (X
(+)τ)
ilmjq (ω) + JilF
(X(−))
iljq (ω)
]
(47)
+
∑
m
[
JimF
(Λ(+)s)
mlijq (ω)− JlmF (Γ
(+)τ)
imljq (ω)
]
ωF˜
(X(−))
iljq (ω) =
∑
m
[
JjmF˜
(X(−)s)
ilmjq (ω)− JjmF (X
(−)τ)
iljmq (ω)
]
+
∑
m
[
JlmF˜
(X(+)s)
ilmjq (ω)− JimF˜ (X
(+)τ)
ilmjq (ω) + JilF˜
(X(−))
iljq (ω)
]
(48)
+
∑
m
[
JimF˜
(Λ(+)s)
mlijq (ω)− JlmF˜ (Γ
(+)τ)
imljq (ω)
]
ωF˜
(ss)
lijq (ω) =
∑
m
[
JjmF˜
(sss)
ilmjq(ω)− JjmF (ssτ)lijmq(ω)
]
+
1
2
∑
m
[
JimF˜
(sX(−))
Limjq (ω) + JlmF˜
(X(−)s)
lmijq (ω)
]
(49)
ωF
(ττ)
lijq (ω) =
∑
m
[
JjmF
(τττ)
ilmjq (ω)− JjmF˜ (ττs)lijmq(ω)
]
−1
2
∑
m
[
JimF
(τX(−))
lmijq (ω) + JlmF
(τX(−))
mlijq (ω)
]
(50)
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ωF˜
(τs)
lijq (ω) =
∑
m
[
JjmF˜
(τss)
Limjq(ω)− JjmF (τsτ)lijmq (ω)
]
+
1
2
∑
m
[
JimF˜
(τX(−))
Limjq (ω)− JlmF˜ (X
(−)s)
mlijq (ω)
]
(51)
ωF
(sτ)
lijq (ω) =
∑
m
[
JjmF
(sττ)
Limjq(ω)− JjmF˜ (sτs)lijmq(ω)
]
−1
2
∑
m
[
JimF
(sX(−))
lmijq (ω)− JlmF (X
(−)τ)
lmijq (ω)
]
(52)
where we have neglected the static quantities appearing in these EOMs.
Under the ”soft cut-off” approximation that applying the relations (ŝzi )
2 = (τ̂ zi )
2 = 1
4
,
ŝ+i ŝ
−
i =
1
2
+ ŝzi and τ̂
+
i τ̂
−
i =
1
2
+ τ̂ zi , for the correlation functions that having two same labels
appearing in the summations of the right hand side of the Eqs.(47-52), and discarding the
multiple-point correlation functions belonging to the N = 3 level, we can further simplify
these equations as that,
[
ω2 − Alij
]
F
(X(−))
lijq (ω) =
(Jij)
2
4
(2− δjl)F (X
(−))
jilq (ω)
+
JijJil (1− δjl)
8
[
3χ˜−+iq (ω)− 2χ−+jq (ω)− χ−+lq (ω)
]
(53)
[
ω2 − Alij
]
F˜
(X(−))
iljq (ω) =
(Jij)
2
4
(2− δjl) F˜ (X
(−))
ijlq (ω)
−JijJil (1− δjl)
8
[
3χ−+iq (ω)− 2χ˜−+jq (ω)− χ˜−+lq (ω)
]
(54)
[
ω2 −Blij
]
F˜
(ss)
lijq (ω) = −
JijJjl (1− δil)
16
[
χ−+iq (ω) + χ
−+
lq (ω)− 2χ˜−+jq (ω)
]
−JijJjl
8
[
F
(X(−))
ljiq (ω) + F
(X(−))
ijlq (ω)
]
(55)
−(Jij)
2
4
F
(sτ)
ljiq (ω)−
(Jjl)
2
4
F
(sτ)
ijlq (ω)
[
ω2 − Blij
]
F
(ττ)
lijq (ω) = −
JijJjl (1− δil)
16
[
χ˜−+iq (ω) + χ˜
−+
lq (ω)− 2χ−+jq (ω)
]
+
JijJjl
8
[
F˜
(X(−))
jliq (ω) + F˜
(X(−))
jilq (ω)
]
(56)
−(Jij)
2
4
F˜
(τs)
ljiq (ω)−
(Jjl)
2
4
F˜
(τs)
ijlq (ω)
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[
ω2 − Clij
]
F˜
(τs)
lijq (ω) = −
JijJil (1− δjl)
16
[
χ−+iq (ω)− χ˜−+lq (ω)
]
−JijJil
8
F˜
(X(−))
iljq (ω)−
(Jij)
2
4
F
(ττ)
ljiq (ω) (57)
[
ω2 − Clij
]
F
(sτ)
lijq (ω) = −
JijJil (1− δjl)
16
[
χ˜−+iq (ω)− χ−+lq (ω)
]
+
JijJil
8
F
(X(−))
lijq (ω)−
(Jij)
2
4
F˜
(ss)
ljiq (ω) (58)
where Alij =
(Jil)
2
2
(2− δjl), Blij = (Jij)
2+(Jjl)
2
2
(1− δil) and Clij = (Jij)
2
2
(1− δjl).
The EOMs of the correlation functions F
(X(−))
mijq (ω) and F˜
(X(−))
imjq (ω) can be directly solved,
and their solutions are written as that,
F
(X(−))
mijq (ω) =
ω2 − J2
2
DX (ω)
JijJim (1− δmj)
8
[
3χ˜iq(ω)− 3χjq(ω)
]
(59)
F˜
(X(−))
imjq (ω) = −
ω2 − J2
2
DX (ω)
JijJim (1− δmj)
8
[
3χiq(ω)− 3χ˜jq(ω)
]
(60)
where DX (ω) = (ω
2 − J2)2 − J4
4
.
The Eqs.(55-58) are a set of coupled equations that can be approximately solved. As a
zeroth order approximation, we first decouple these equations by discarding the correlation
functions F˜
(ss)
lijq (ω), F
(ττ)
lijq (ω), F˜
(τs)
lijq (ω) and F
(sτ)
lijq (ω) appearing in the right hand side of these
equations, in which they become independent with each other, and we can straight solve
them. Then we use these approximation solutions to replace them that appearing in the
right hand side of other equations, respectively. Under these approximations, we finally
obtain the following solutions of the correlation functions F˜
(ss)
lijq (ω), F
(ττ)
lijq (ω), F˜
(τs)
lijq (ω) and
F
(sτ)
lijq (ω),
F˜
(ss)
lijq (ω) = −Γlij (ω)
[
χ−+iq (ω) + χ
−+
lq (ω)− 2χ˜−+jq (ω)
]
(61)
F
(ττ)
lijq (ω) = −Γlij (ω)
[
χ˜−+iq (ω) + χ˜
−+
lq (ω)− 2χ−+jq (ω)
]
(62)
F˜
(τs)
lijq (ω) = −Λlij (ω)
[
χ−+iq (ω)− χ˜−+lq (ω)
]
(63)
F
(sτ)
lijq (ω) = −Λlij (ω)
[
χ˜−+iq (ω)− χ−+lq (ω)
]
(64)
where Γlij (ω) =
JijJjl(1−δil)
16(ω2−J2)
(
1− 3J2
4
ω2−J2
2
DX(ω)
+ J
2
2
(
ω2−J2
2
)
)
and Λlij (ω) =
JijJil(1−δjl)
16
(
ω2−J2
2
)
(
1 + J
2
2(ω2−J2)
)
.
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Substituting the Eqs.(59-64) into the Eqs.(35,36), we have the solutions of the multiple-
point correlation functions F˜
(s)
ijq (ω) and F
(τ)
ijq (ω),
ωF˜
(s)
ijq (ω) = − < τ̂−j ŝ+i > δiq −
(
Jij
4
+
∑
m
Πmij (ω)
)[
χ−+iq (ω)− χ˜−+jq (ω)
]
+
∑
m
Γmij (ω)
[
χ−+iq (ω)− χ−+mq (ω)
]
(65)
ωF
(τ)
ijq (ω) = 2 < τ̂
z
i ŝ
z
j > δjq −
(
Jij
4
+
∑
m
Πmij (ω)
)[
χ˜−+iq (ω)− χ−+jq (ω)
]
+
∑
m
Γmij (ω)
[
χ˜−+iq (ω)− χ˜−+mq (ω)
]
(66)
These solutions of the multiple-point correlation functions F˜
(s)
ijq (ω) and F
(τ )
ijq (ω) have been
incorporated the main contributions of the high order ones belonging to the N = 2 level.
As a zeroth order approximation, substituting the Eqs.(35-37) into the Eqs.(33,34), mean-
while discarding those related multiple-point correlation functions belonging to the N = 2
level, we obtain the EOMs of the transverse and longitudinal spin susceptibilities in the
Eqs.(1-4). Substituting the Eqs.(65,66) into the Eq.(33), that including the contributions
coming from the high order related correlation functions belonging to the N = 2 level, we
obtain the EOMs of the spin susceptibility in the Eqs.(5,6).
23
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